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Supplementary Material

How to generate MaxH phenotype

We start with a set of phenotypes, i.e., a n by T phenotypic matrix Y and sample GWAS genotypes.

1. Generate the standardized residuals of the T" phenotypes by regressing out the covariates and

standardizing the residuals. At this step no SNPs are include in the covariates.

2. Estimate the genetic relationship matrix G from the GWAS genotype data using Genome-wide
Complex Trait Analysis (GCTA) (Yang et al., 2011)).

3. Estimate V,, and V, using G matrix, standarded residuals of phenotypes and either ML (e.g.
Mendel (Lange et al., 2013)), REML (e.g. GCTA (Yang et al., 2011)) or MOM methods.

4. Eigen-decompose V; with eigenvectors I' and set of eigenvalues A = diag{A1,..., Az}, such

that,

1 1
where A2 = diag{A7,..., A\ }.

1 1
5. Eigen decompose V,? Vp_lvg2 with eigenvectors W.

_1
6. Take the eigenvector with the largest eigenvalue, say w and transform it as I =V, *w. Yl

is the MaxH phenotype.
1 1
7. The first eigenvalue of V,? V;,_lVg2 is the maximized heritability.

Except steps 2 and 3, the statistical software package R (http://www.r-project.org/)) is used

1 1
throughout. Note that besides using the first eigenvector of the matrix V;* ‘/]jl‘/g2 to generate

1 1
MaxH phenotype, one can use all the eigenvector of the matrix V,? ‘/]jl‘/'g2 to perform a multivariate

regression analysis.

Solve for the linear coefficients

To optimize the objective function,

p2 UVl
: UVl

with respect to vector I. One takes the first derivative of hl2 with respect to I, set the formula equal

to zero and solve for I. Since U'V,l # 0, it is straightforward to verify that the vector I needs to


http://www.r-project.org/
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satisfy,
Vil = AVl or V7 'Vl=Al (1)

where A = h?. This is a generalized eigen-problem if the matrix ‘/Ifl‘/'g is not symmetric. Since Vj
11 1
is positive definite it can be written as V; = V,?V,?, where V;° is constructed from its eigenvalue

1
decomposition. Defining the transformation w = V,*I, we rewrite equation as

1 1
ViV, Wiw =, (2)

1 1
where V? V;,_lVg2 is a symmetric matrix. We now turn a generalized eigen-problem 1’ into a
regular eigenvalue problem and find its eigenvalues A and eigenvectors w. Finally the linear
1
coefficients are defined as, I = V; *w and the largest eigenvalue is the maximized the heritability

.
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Figure 1: Parameter estimation when combining two phenotypes. Both phenotypes have heritability
0.4. Red line represents true heritability and blue line represents true genetic covariance, i.e., 0.36
(left), 0.28 (middle), and 0.04(right)
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Figure 2: Proportion of 100 SNPs with empirical power greater than 0.8 as a function of r, and 7,
using multivariate associate tests.
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Figure 3: 150 SNPs’ empirical power as a function of effects sizes to both traits, when r, = 0.8
and ry = 0.7. 150 SNPs’s effect sizes were chosen arbitrarily from uniform distribution in region
[—0.15,0.15] x [—0.15,0.15]. Color bar represents the scale of power.
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Figure 4: Manhattan plots of results from methods, MaxH, PCA, multivariate regression, and
Multiphen when using phenotypes, FEV;, FEV;/FVC, log(pctEmph) and COPDGene sample.
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